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A'(u)-LOCAL SPECTRA WITH EXPLICIT £ 2 -TERM 



DANIEL G. DAVIS AND TYLER LAWSON 

Abstract. Let n be any positive integer and p any prime. Also, let X be 
any spectrum and let K(n) denote the nth Morava .fC-theory spectrum. Then 
^ , we construct a descent spectral sequence with abutment 7r* (Lx(n) PO) an d 

Ei -term equal to the continuous cohomology of G n , the extended Morava 
stabilizer group, with coefficients in a certain discrete Gn-module that is built 
from various homotopy fixed point spectra of the Morava module of X. This 
spectral sequence can be contrasted with the K (n)-local i? n -Adams spectral 
sequence for ir*(L K ( n ) (X )), whose &2-term is not known to always be equal 
to a continuous cohomology group. 



1. Introduction 

Given an integer n > 1 and any prime p, let K(n) be the nth Morava .fT-theory 
spectrum and let E n be the nth Lubin-Tate spectrum, with 



TT*(E n )=W{W p ~)lu 1 ,...,U r , 



-u 



.±11 



where W(¥ pn ) denotes the Witt vectors of the field F p ™, each Ui has degree zero, 
and the degree of u is —2. Also, let 

G n =S n x Gal(F p n/F p ) 

be the nth extended Morava stabilizer group. 

Given a spectrum X, there is the Morava module Lx( n )(E n A X) of X. Since 
G n acts on E n (by [11] ) , we can give X the trivial action and E n A X the diagonal 
action, and hence, there is an induced G n -action on the Morava module. In fact, for 
any closed subgroup K of the profinite group G n , by [3j Section 9], Lx( n ){E n AX) 
is a continuous if-spectrum and there is the homotopy fixed point spectrum 

formed with respect to the continuous if-action. Then, in this paper, we obtain 
the following result. 

Theorem 1.1. Let X be any spectrum. There is a conditionally convergent descent 
spectral sequence E*'* that has the form 

E s 2 ' 1 = H s c (G n ;7r t ( colim (L K(n) (E n A X)) hN )) n t - s (L K{n) (X)), 

where the Ei-term is the continuous cohomology of G n with coefficients in a discrete 
G„-module. 
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Spectral sequence Ep* is the descent spectral sequence for the homotopy fixed 
point spectrum 

(1.2) ( colim {L K(n) {E n A X)) hN ) hG " ~ L K{n) {X) 

\ N<l G n / 

of the discrete G„-spectrum colimN <o G n (L K ^(E n /\ X)) hN (see Theorem 13.41 for 
equivalence fll.2[) ). 

The spectral sequence of Theorem 11.11 is in general different from the strongly 
convergent AT(n)-local i?„-Adams spectral sequence E*'* for n*(L K r n -)(X)) (for the 
construction of this Adams spectral sequence, see, for example, [TUJ Appendix A]; 
for any X, this Adams spectral sequence is isomorphic to the descent spectral 
sequence for (L K{n) (E n A X)) hG " , by [5J Theorem 1.2]). 

For any spectrum X, the i?2-term of spectral sequence Ep* is given by an explicit 
continuous cohomology group. By contrast^Jbr arbitrary X it is not known if, in 
general, the E^-term of spectral sequence Ep* can be^expressed in some way as 
a continuous cohomology group. This is known for Ep* in certain cases, which 
include the following: 

(a) by [TQl Theorem 2, (ii)], if A is a finite spectrum, then 

E** = H s c (G n ;n t (E n A A)), 

where TTt(E n A A) is a profinite continuous Z p [G n ]-modulc; 

(b) by Q21 Theorem 5.1], if E nt (X) is a flat 7r*(-E„)-module then 

E** =H s c (G n ;n(L K(n) (E n AX))), 

where again, in general, the coefficients of the continuous cohomology group 
need not be a discrete G„-modulc; 

(c) another well-known case is explained in (T3J Proposition 7.4] (the details of 
which would take us too far afield in this introduction); and 

(d) in the subtle case described in [TUJ Proposition 6.7], in which the continuous 
cohomology group has coefficients in a discrete G„-mqdule, we show in our 
next result that the two spectral sequences Ep* and Ep* are the same. 

To state this result, we need some notation. Let E(n) be the Johnson- Wilson 
spectrum with E(n)* = Zr p \[vi, v n —i][Vn], where each Vi has degree 2(p l — 1), 
and let /„ be the ideal (p,v\, ...,v n —i) in E(n)*. As implied above, the useful 
hypothesis in the following result comes from [TU] Proposition 6.7]. 

Theorem 1.3. Let X be a spectrum such that, for each E(n)-module spectrum 
M, there exists an integer k with 7„M*(A) = 0. Then spectral sequence Ep* is 
isomorphic to the strongly convergent K(n)-local E n - Adams spectral sequence E r ' 
that converges to 7r*(L^-(„)(A)) ; from the E^-terms onward. 

As in Definition 2.3], let 

(1.4) F n = colim E* hN , 

N< G n 

where i?^ hAr is the spectrum constructed by Devinatz and Hopkins in [TD] that 
behaves like an A-homotopy fixed point spectrum of E n with respect to a contin- 
uous action of N. By construction, the spectrum F n is a discrete G n -spectrum. If 
A = 5°, then Theorem ll.il together with Remark l3.6[ yields the descent spectral 
sequence 

H s c {G n ;n t {F n )) => ir^ s (L K{n) {S°)), 
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which is a new tool for computing TT*(Lx{ n )(S )) (the existence of this spectral 
sequence is also an immediate consequence of [5J last line of p. 254] and [21 Theorem 
7.9]). 

Given a spectrum X, the discrete G n -spectrum colirn/v<| o <3 n (E n A X)) hN , 

which appears in Theorem 11.11 and will be referred to here as C(X), is canonically 
associated to the Morava module L K ^(E n A X): by Remark 12.21 and (|2.5[) . C(X) 
is the output of a certain right adjoint from G n -spectra to discrete G n -spectra 
applied to L K r n \{E n A X). Also, by Remark [2.41 and (|3.3[) . C(X) can be viewed 
as the homotopy limit in the category of discrete G n -spectra of a diagram whose 
homotopy limit in the category of spectra is Lx(n){E n A X). 

We point out that for any spectrum X, in Theorem 11.11 there is an isomorphism 

E s / S coUm H s (G n /N-Tr t ((L K(n) {E n M))' 1 *)), 

with each G n /N a finite group, by [18l Proposition 8]. 

The proof of Theorem 11.11 is obtained by combining the equivalence 

Lk(u){X) ~ {L K ( n ){E n AX)) hGn , 

which is valid for any X (by [U Theorem 1.1]), with (a version of) the fact that for 
any profinite group G, the homotopy fixed points of a continuous G-spcctrum Z 
can always be obtained by taking the homotopy fixed points of a certain discrete 
G-spectrum that is closely related to Z. The proof of this last fact is given in 
Corollary 12.61 Theorem 12.31 gives the version that is needed for Theorem 11.11 and 
the remaining details of the proof of Theorem 11.11 are in Section [3] Section Q] 
contains the proof of Theorem 11.31 

We close this introduction with a comment about notation: we often use " E^ " 
to denote the i?2-term of different spectral sequences, but " E*>* " only refers to the 
spectral sequence of Theorem 11.11 

Acknowledgements. The first author thanks Ethan Devinatz for a helpful con- 
versation about the hypothesis of [THl Proposition 6.7], and Paul Goerss for a useful 
discussion about F\. 

2. Realizing the homotopy fixed points of a continuous G-spectrum 

by a discrete g-spectrum 

Let G be any profinite group. In this section (and in the following two sections), 
we use the framework of continuous G-spectra that is developed in [3] and we refer 
the reader to this source for additional details. 

Let Spt be the simplicial model category of Bousficld-Fricdlander spectra and let 
Spt G denote the simplicial model category of discrete G-spectra. We use holim and 
holim G to denote the homotopy limit, as defined in |12[ Definition 18.1.8], in Spt 
and Spt G respectively. Let G— Spt be the category of G-spectra (the G-action is not 
required to be continuous in any sense) and G-equivariant maps of spectra: G— Spt 
is the category of functors {*g} —> Spt, where {*g} is the groupoid associated to 
G (regarded as an abstract group). 

The following definition is a special case of a map that is defined in [4j p. 146]. 

Definition 2.1. Given any 

{X i }i = {X <-X 1 < ^X t < } 
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in tow(Spt G ), the category of towers in Spt G , there is the canonical inclusion map 
T„ : holim G X; colim (holim Xi)^ holim X 

i N< a G i i 

in G — Spt, where the isomorphism is by [U Theorem 2.3]. Notice that the source 
of the map i G is a discrete G-spcctrum. 

Not surprisingly, the map T G need not be a weak equivalence in Spt: an example 
of this is given in Remark 13.61 Below we show that when a certain condition is 
satisfied, the map i G , after taking fixed points, induces a weak equivalence between 
the homotopy fixed points of the source and target of i G . 

Remark 2.2. If Y G Spt G , then Y = colimjv<| oG Y N an d this isomorphism makes 
it easy to see that the forgetful functor U G : Spt G — > G — Spt has a right adjoint 

R G ■ G-Spt -> Spt G , Z\-*Rg{Z) = colim Z N . 

Thus, for the G-spectrum holing Xi of Definition 12.11 there is the isomorphism 

holim G X l = # G (holim X*) 

i i 

in Spt G . 

Let (— )/g : Spt G — > Spt G be a fibrant replacement functor, so that given any 
Y G Spt G there is a natural map Y YfG that is a trivial cofibration with fibrant 
target in Spt G . Then we recall from [3] that (a) the homotopy fixed points of Y 
are defined by 

Y hG = (Y fG f; 

(b) the object holing Xi, where {Xi]i G tow(Spt G ) with each X, fibrant as a 
spectrum, is a continuous G-spectrum] and (c) given a continuous G-spcctrum 
holinij Xi , 

(holim X;)' lG = holim {Xi) hG . 

i i 

The proof of the result below follows a script that was used in [7J p. 2807] in the 
context of delta-discrete G-spectra. 

Theorem 2.3. Given {X,},; G tow(Spt G ), with each Xi fibrant in Spt G; the map 
(i G ) induces a weak equivalence 

(holim G Xi) hG (holim X^. 

i i 

Proof. In Spt G , since each Xi is fibrant, holim G Xi is fibrant, and hence there 
exists (in Spt G ) a weak equivalence (holiim Xj)/ G — > holing Xi. Thus, there is 
the weak equivalence 

(holim G X l )' lG (holim G X) G f colim (holim Xi) N ) G (holimXi) . 

i i V N<I G i J = i 

Also, there is the weak equivalence 

(holimX) G holim (X) G -=» holim {{Xi) fG ) G = (holimX i )' lG . 

i i i i 

Composition of the above weak equivalences gives the desired conclusion. □ 
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Remark 2.4. Let {Xi}i be as in Theorem 12.31 and notice that 



holim G Xi = colim holim (Xi) N . 

i N< G i 

Since N is open in G, each Xi is fibrant in Spt N (by [H Lemma 3.1]), and hence 
there is a weak equivalence 

holim (Xi) N holim ((Xi) fN ) N = (ho]imXi) hN 

i i i 

between fibrant objects in Spt, from the G/7V-spectrum holirrij (Xi) N to the spec- 
trum (holinij Xi) hN . Therefore, it is natural to make the identification 

(2.5) holim G Xi = colim (holim X l ) hN 

i N< G i 

between the "spectrum" on the right-hand side and the discrete G-spectrum on 
the left-hand side. To be more precise, the "spectrum" on the right-hand side of 
(|2.5p needs to be defined (since, a priori, the spectrum ((Xi)f N ) N has no G/N- 
action) and we have shown above that the left-hand side of (|2.5p can be taken as 
its definition (this situation is discussed in more detail in [SJ p. 260, top of p. 261]). 

Corollary 2.6. Let {Xi}i be any object in tow(Spt G ). If holinij Xi is a continuous 
G-spectrum, then there is a weak equivalence between its homotopy fixed points and 
those of the discrete G-spectrum holim G (Xj)/ G ■ 

(holim X,) hG <=- (holim G (X t ) fG ) hG . 



Proof. By the proof of Theorem 12. 3[ there is a weak equivalence 

(holim G (X 4 ) /G ) ,lG ^ (holim (Xi) /G ) G holim (X^ . 

i i i 

3. The proof of Theorem 11.11 



□ 



We continue to let G be any profinite group. The following result is an immediate 
consequence of Corollary 12.61 and [31 Theorem 7.9]. 

Theorem 3.1. If G has finite virtual cohomological dimension and holinij Xi is 
a continuous G-spectrum, then there is a conditionally convergent descent spectral 
sequence 

= H s c (G;n t (holim G (Xi) fG )) =^ ^_ s ((holimX 4 )' lG ), 

i i 

where the E 2 -term is the continuous cohomology of G with coefficients in the discrete 
G-module 7r t (holimj (Xi)fc). 



Remark 3.2. The descent spectral sequence of Theorem l3.1l is. in general, different 
from the "usual" descent spectral sequence (of [31 Theorem 8.8]) for (holinij Xi) hG . 
For example, if {7r t (Xj)}j satisfies the Mittag-Leffler condition for every integer t, 
then the latter descent spectral sequence has 

E s f = H s cts (G;Kmn t (Xi)), 

the cohomology of continuous cochains with coefficients in the topological G-module 
linij TTt(Xi), by [3J Definition 2.15, Theorem 8.8]. It is not known if, in general, the 
i?2-term of this latter spectral sequence can be expressed as continuous cohomology 
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(this issue is discussed in [5]), whereas in the spectral sequence of Theorem 13 . 1 1 the 
i?2-term is always given by a continuous cohomology group. 

Now let X be any spectrum. We consider Theorem 13.11 in the case of the con- 
tinuous G n -spectrum LK( n ){E n A X). As in [21 Proposition 4.22], let 

M <-Mi< <- Mi < 

be a tower of generalized Moore spectra (each of which is a finite spectrum) such 
that 

L K{n) {X) ~ holim (L n (X) A Mi)/, 

where (— ) / : Spt — > Spt is a fibrant replacement functor. Then, as in [3j Lemma 9.1], 
the Morava module L K ^ (E n AX) is a continuous G n -spectrum by the identification 

(3.3) L K[n) (E n A X) = holim (F n A Mj A X) fGn , 

where F n is the discrete G„-spectrum defined in (|1 .4[) and each Mj has the trivial 
G ra -action. 
We have 

£fiT(n)P0 — (LK(n)(E n AX)) hGn 

= (holim (F n A M, A X)fQ ri ) hGn 

i 



colim (holim (F„ A Mj A X) fG J hN 



N< G 

= (co]im(L K{n) (E n AX)) hN ) , 

where the first equivalence is by [5J Theorem 1.1], the two equalities just apply 
(|3.3[) . and the second equivalence follows from Theorem 12.31 and (|2.5[) . Thus, we 
have obtained the following result. 

Theorem 3.4. For any spectrum X , there is an equivalence 

,hG n 



L K[n) (X) ~ (colim (ijf^tKM))") 



. N< G n 

Remark 3.5. Suppose that X is a finite spectrum. Then E n A X is if(n)-local, 
and hence, there is the chain 

colim (L K(n) (E„ A X)) hN = colim (E n A X) hN ~ colim A X) 

~ ( colim ^ ,lJV ) AX = F n A X 

of equivalent discrete G n -spectra, where the second step applies [3J Theorem 9.9] 
and the third step uses E% N ~ £;f i7V from [TJ Theorem 8.2.1]. Therefore, Theorem 
13.41 shows that whenever X is a finite spectrum, 

(F n AX) hG "~L K(n) (X); 

this special case of Theorem 13.41 was previously obtained in [5J p. 255]. 

Remark 3.6. In Theorem 13. 4[ when X = S°, Remark 13.51 implies that 

colim (L K(n) (E n AX)) hN ~F n . 

Thus, Remark 12.41 shows that the map l Gn can be identified with the canonical 
Gn-equivariant map F n — > E n , which is not a weak equivalence, by [3l Lemma 6.7] 
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(when n = 1, this can be seen explicitly from the fact that 7r_i(Fi) = Q p ). Since 
l Q can be viewed as an inclusion, F n can be regarded as a discrete G„-spectrum 
that is a "sub-G n -spcctrum" of the continuous G„-spectrum E n . 

Remark 3.7. Let X be any spectrum. The equivalence 

L>K{n){X) ~ (L K ( n )(E n M)f G ", 

which was used above, shows that Lx( n ){X) is the homotopy fixed points of a 
continuous G„-spectrum that is if (n)-local and formed from a tower of discrete 
G ra -spectra. By contrast, Theorem 13.41 savs that L K ( n )(X) can be realized as the 
homotopy fixed points of a single discrete G„-spectrum that need not be if (n)- 
local (for example, F„ is not if (n)-local). By [3j Lemma 9.6], for each N <J G n , 
{LK(n)(E n A X)) hN is if(n)-local, and hence colimAr<| o G„ (L K („) (E n A X)) hN is 
£'(n)-local. Thus, Theorem 13.41 shows that an arbitrary if (n)-local spectrum is the 
homotopy fixed points of a discrete G ra -spectrum that is always -E(n)-local, but not 
necessarily if (n)-local. 

Since G n has finite virtual cohomological dimension, Theorems 13.11 and 13.41 im- 
mediately imply that there is a conditionally convergent descent spectral sequence 

= H s c (G n ;-K t ( colim (L K(n) (E n A X)) hN )) =► 7r t - s (L Kin) (X)), 
completing the proof of Theorem 11.11 

4. The proof of Theorem 11.31 

Throughout this section, we let X be as in Theorem 11.31 By [TU1 Proposition 
6.7], spectral sequence Ep* has the form 

E? 1 S H°(G n ; n t (E n A X)) => 7r t _ s (L^ (n) (X)), 

where 

• £„Alis if (n)-local (by Lemma 6.11, (i)]); 

• each ir t (E n A X) is a discrete G„-module (see [TU1 Remark 6.8]); and 

• the abutment has the stated form since 

Lk{tl){ x A E^ hGn ) ~ i if („)(X A i K („)(5' )) ~ Iif(„)(l), 

which is obtained by applying (101 Theorem 1, (iii)] (for the first equiva- 
lence). 

Since E n A X is if (n)-local, 

(4.1) £„ M - holim (F„ A M 4 A X) /G „ 

is a continuous G n -spectrum and 

(£„AX) W = (V)( £ » AI )) W . 
for every closed subgroup if of G„ (as in the situation considered in [31 Remark 
9.3]). By [SI Theorem 1.2] and [TJ proof of Theorem 3.2.1], spectral sccjuencG 
is isomorphic to the descent spectral sequence 

(4.2) E s / = H s c (G n ;iit{E n A X)) => TTt— s ((E n A X) hG "), 

from the i?2-terms onward, where this descent spectral sequence is a special case 
of the homotopy spectral sequence of [31 Theorem 8.8]. (The identification of E^ 1 
in (|4.2p as continuous cohomology is due to the just-mentioned isomorphism of 
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spectral sequences and the fact that [TUJ Proposition 6.7] identifies E*>* as continu- 
ous cohomology.) Also, recall that descent spectral sequence E*>* of Thcorcm lf.fi 
which is a special case of the homotopy spectral sequence of [31 Theorem 7.9], has 
the form 

(4.3) E s / = H s c (G n ; ^ colim n t - s ((E n A X) hG "). 

Remark 4.4. For each i > 0, the generalized Moore spectrum has the property 
that there exists an ideal h C -BP*, such that BP* (Mi) = BP*/Ii and I{ has the 
form (p?W°,^ Wl ,...,u^ ( ! ) 1 n - 1 ), for some n-tuple (i(i)o, j'(i)n-i) (see p. 
762] and [THl Proposition 3.7]). Then there are equivalences 

E n A X ~ colim (£„ A £-(«+ s ?=o 2 j(*)»-(p-i)) m . a X ) 

i 

~ colim (F„ A £-(™+ E ?=o2j«r( P -i)) M . A X) 

i 

of spectra, each of which is G„-equivariant, where the first equivalence applies 
[TUl Lemma 6.11, (ii)]; the second equivalence follows from the fact that the G n - 
equivariant map 

E n A Mi <=- F n A M t 

is a weak equivalence of spectra, for each i (this is due to [10] ; for an explicit 
proof, see [3J Corollary 6.5]); and the third spectrum in the above "short chain" 
of equivalences is a discrete G ra -spectrum (since colimits in Spt G are formed in 
Spt). Thus, the continuous G n -spectrum E„ AX can also be regarded as a discrete 
G ra -spectrum. However, our argument below does not use this conclusion. 

From the above observations (preceding Remark 14.41) , it is not hard to see that 
to prove Theorem II .31 it suffices to show that between the coefficient groups in the 
^-terms of the second and third spectral sequences referred to above (in (|4.2[) and 
(|4.3[) . respectively), for each integer t, there is an isomorphism 

7T t (T Gn ): 7T t ( ^colim (E n A X) hN ^j ^ n t (E n A X) 

of discrete G„-modules, where E„ A X is the continuous G ra -spectrum of (|4.1[) . 

Since G n has finite virtual cohomological dimension, there is a cofinal collection 
{[/} of open normal subgroups of G n such that the family {cd(U)}u of cohomo- 
logical dimensions are finite and uniformly bounded (for example, see [3 proof 
of Theorem 7.4]): thus, there is an integer r such that H^(V;P) = 0, whenever 
V G {U}, for all s > r and any discrete V- module P. 

For each N < Q G„, there are equivalences 

(E n A X) hN = (holim (F n A M t A X) fG J hN 

i 

/ / \ \hN 

~ ( holim I colim (Et hv A M t A X) ) ) 
\ i \ve{u} JfGj 

~ f holim ( colim (L K(n) (E* hv A X) A Mi)) ) 
V t \ ve{u} y ' /fG n ) 




where the equality (in the first line above) is by [3J Definition 9.2], the equivalence 
in the third line applies [HI Lemma 7.2], and the last equivalence is justified as in 
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[21 Theorem 9.7], aided by the fact that colimy e .r;y} L K ^{E^ lV A X), a discrete 
Gn-spectrum, is _E(n)-local (and hence the spectrum 

x hN 

colim L K{n) (E d n hv AX)) 

is £'(n)-local by [TJ Theorem 3.2.1 and its proof; proof of Lemma 6.1.5, first sen- 
tence]). 

To simplify our notation, we make the following conventions. 

Definition 4.5. If V is a member of the collection {U}, we set 

EX' X = L K{n) (E d n hv AX). 

Also, "colimj/ E%' x " for example, means exactly "colimy e {£/} E^' X •" 

By (TQl Proposition 6.7], there is a filtered system of if(n)-local E^-Adams 
spectral sequences 

{H s c {U-MEn A X)) 7 r t - s (E% x )} u . 

By the uniform bound on {cd(U)}u and [T71 Proposition 3.3], the colimit of this 
diagram of spectral sequences is equal to the spectral sequence 

E 3 / = colim H S C {U; n t {E n A X)) 7r t _ s (colim 

Since nt(E n AX) is a discrete G„-module and limy U = {e}, [HI Proposition 8] 
implies that there is an isomorphism 

colim H S C (U; n t (E n A X)) = H s {{e}; n t (E n A X)). 

Thus, the above colimit spectral sequence collapses, showing that there is an equiv- 
alence 

(4.6) colim L K{n) (E dhu A X) ~ E n A X. 

Remark 4.7. It will be helpful to be explicit about the equivalence in (|4.6j) . Recall 
that for each closed subgroup K of G n , there are equivalences E dhK ~ E„ — 
L K {n){{F n ) hK ) 1 by [fl Theorem 8.2.1] and [1 Theorem 9.7] respectively, and by 
Lemma 3.1], a fibrant discrete G n -spectrum is fibrant in Sptjy for each TV <\ Q G n . 
Then the equivalence in (|4.6[) is given by 

colim L K{n) {Et h u A X) ~ colim L K{n) {E™ A X) ~ colim L K(n) ((F n ) hu A X) 
= colim L K{n) (((F n ) fGn ) u AX) -> cohmL^) ((((F„) /G r n A X) fG J U ) 
<— colimiif(„) 

(((Fn A X) fGn ) U ) = colim L K(n) ((F n A X) 
~ colim (L KM (E n A X)) hu = colim (E n A X) hN E n A X, 

where the first expression in the last row comes from applying [3l Theorem 9.7]. 
The above zigzag is useful because it shows that (|4.6[) is induced by the map i c . 

To continue, we need to recall some constructions that are useful in the theory 
of discrete G-spectra (where G is any profinite group) . 
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Definition 4.8. Given an abelian group A, let Map c (G, A) denote the abclian 
group of continuous functions G — >• A, where A is equipped with the discrete 
topology. Given any spectrum Y , let Map c (G, Y) be the spectrum with /-simplices 
of the kth pointed simplicial set Map c (G, Y)*, equal to Map c (G, Yfc,z), the set of 
continuous functions from G to the set Y^j regarded as a discrete space, for each 
k, I > 0. Also, if m is any non-negative integer, then the spectrum Map c (G m+1 , Y) 
has the G-action determined by 

(.9 ' /)(fll,-,flm+l) = f(9l9>92,93,-,g m +l), f £ Map c (G m+1 , Yfc.z), 

for fc, Z > and <?, ffi, 5„ l+ i £ G. 

Notice that for each m > and every TV < G G„, there are isomorphisms 
TT* (Map c (G™ +1 , colim L^^^f p A 

= n G „/iv Ma Pc (G^,7r.(coIimLx(n)(^f a AX) 
sn Gi>/w Map c (GJ,7r,(4AX)) 

- M IlG„/iv C £! " A En A ■ • ■ A g„ A X)), 
(m+1) times 

where the first isomorphism is justified as in [3l proof of Theorem 7.4], the second 
isomorphism applies (j4.6[) , and the last isomorphism follows as in jTQl proof of 
Proposition 6.7]. Since the spectrum ~[\ Gn / N (E n A E n A • • • A E n A X) in the last 
line above is K(n)-local (by [TU1 Lemma 6.11, (i)]), so is the spectrum 

Map c (G™ +1 ,colimL K( „ ) (^' lt/ A X)) N , 

and hence it follows from [3j Remark 7.13] and the fact that the homotopy limit of 
a diagram of K(n)-\oc&\ spectra is 7^(n)-local that the spectrum (colimy En' X ) hN 
is -ftT(n)-local. Thus, there is an equivalence 

(4.9) (E n A X) hN ~ (colim E^' x ^ \ 

For each N <J Q G n , there is a weak equivalence 

(co]imE^ x ) ( colim E%' x ) 

\ U J fG n V U JfN 

between fibrant objects in Sptjy (the source is fibrant in Spt w by [H Lemma 3.1]), 
and hence (|4.9[) implies that 

<«. a xr =. (Hhitf*), J" ^ )" 

Therefore, we have 

colim (£„ A X)' lAr = colim A X) hv ~ colim f f colim £^1 ) 
»<„g„ ve{(7} ve{(7}VV u J fG n ) 

= ( colim E?> x ) colim E^ x -£„M, 

V (7 //G„ (7 

where the last step uses (|4.6|) . Recall that Remark 14.71 showed that the equivalence 
in (|4.6p is induced by the map i G . Thus, applying 7r»(— ) to the above chain of 
equivalences completes the proof of Theorem 11.31 
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